We attempt to identify the number of underlying physical phenomena behind tomato lateral root initiation by using a normal mixture distribution coupled with the Box{Cox power transformation. An initial analysis of the data suggested the possibility of two (possibly more) subpopulations, but upon taking reciprocals, the data appear very nearly Gaussian. A simulation study explores the possibility of erroneously detecting a second subpopulation by tting data which is improperly scaled. A power calculation suggests that only unrealistically large sample sizes can detect the unbalanced mixtures one might expect with data of this type.
INTRODUCTION
In the course of the initiation of growth of tomato lateral roots, cells in the parent root begin to divide and form a lateral root primordium, a rounded cluster of cells that originates in an internal layer of the root called the pericycle and extends toward the surface of the root. From this apparently unorganized cluster of cells, a highly ordered structure emerges, with progenitor cells in the apex of the root dividing and di erentiating to form the di erent cell types found in the mature root. These progenitor cells are, in turn, derived from a limited number of primary initial cells located in the root tip.
Of those parent root cells that are stimulated to divide during lateral root initiation, only a subset will give rise to the primary initial cells which will form a lateral root. Taylor et al. (1994) have devised a method for marking a fraction of the cells in the parent root that contribute to the lateral root as a whole (the founder cell population) using a transposable element{reporter gene combination. When the transposable element is present in the reporter gene, GUS, the gene is not active. Transposition of the element, which is an infrequent, apparently random event, activates the gene, providing a permanent, heritable tag for the cell in which the event occurred and for its descendants (Finnegan et al., 1989) . Root cells in which the gene is active can be detected with a stain that causes the marked cells to turn blue (Je erson et al., 1987) .
For a given segment of the lateral root, the relative proportion of cells that express GUS is indicative of the proportion of the initial cells expressing GUS at the time that segment of the root was laid down, since only the cells at the tip of the root divide. The inverse of the proportion of the lateral root which expresses GUS, which we will call Y , is a possible indicator of the number of initial cells in the lateral root. That this is not an exact indicator is due to factors such as non-uniform cell division and possible variability in the delity of staining. The sectors analyzed in this study originated in the parent root and extended into lateral roots that developed at the sector border, therefore this approach is also complicated by the possibility that more than one initial cell may be expressing GUS.
Our primary interest is determining whether the observed proportions are the result of one or possibly two underlying physical phenomena. For example, if the roots had two or three initial cells in equal proportions, then one would expect the data to suggest a mixture of two subpopulations. The tting of mixture models is an old problem of recurring interest, see Titterington et al. (1985) and McLachlan and Basford (1988) . We have obtained observations on 40 roots, see Table 1 .1 where the data are listed. In Figure 1 .1 we present a kernel density estimate and the normal Q{Q plot of Y ; the former was t using a Gaussian kernel and a bandwidth selected by the Sheather and Jones (1991) algorithm. The data are clearly skew with a major mode at 2 initial cells; this might indicate that most of the data have 2 initial cells, with a smaller proportion of 3 initial cells. However, the kernel density estimate and Q{Q plot of Y ?1 are given in Figure 1 .2, both of which are fully consistent with the hypothesis that almost all the roots have 2 initial cells, with the proportion of the root expressing GUS being normally distributed. Obviously, the question is: which scale is the more appropriate, Y or Y ?1 ?
The preceding analysis of the data in two scales, which we formalize in Section 2, reveals that the ability to detect a second subpopulation is dependent upon which scale is used. To account for this, we couple the Box{Cox power transformation to existing likelihood methods for the normal mixture model. In this way, we handle the problems of determining the appropriate scale and identifying a second subpopulation simultaneously. Schork and Schork (1988) considered this model in their simulation study, and in Section 3 we apply their methods to our data. In Section 4.1, we will further analyze the e ect of scale on the likelihood ratio test for the existence of a second subpopulation by estimating the Type I error rate when the data are improperly transformed. For our application, regardless of scale, the data suggest that a majority of the roots are derived from 2 initial cells. Hence, a second subpopulation, if it exists, appears to account for only a small portion of the overall population. The probability of detecting a second subpopulation diminishes for small n, the extent of which we will explore in Section 4.2.
APPLYING THE NORMAL MIXTURE MODEL 2.1 Likelihood Ratio Test
Consider the case when observations where represents the standard normal density. The likelihood is unbounded and thus strictly speaking the MLE's do not exist. Kiefer (1978) proved that there does exist a sequence of roots r n of the estimating equations de ned by L which is an asymptotically normal and e cient estimator of the parameters in question. Hathaway (1985) showed that this r n is asymptotically equivalent to the sequence of roots corresponding to the largest of the local maxima of L, subject to the constraint that min( 1 = 2 ; 2 = 1 ) c > 0 for some c in the unit interval. Such a constraint is necessary in order to avoid spurious maximizers, which have one component standard deviation much smaller than the other, and are generated by a small number of data points grouped close together (Day 1969) . Through the judicious choice of starting values for ( 1 ; 2 1 ; 2 ; 2 2 ; p) and application of the EM algorithm (Dempster, Laird, and Rubin 1977) these roots are readily computable. Two methods of calculating starting values which have been proposed are the method of moments (Cohen 1967 ) and the moment generating function method (Quandt and Ramsey 1978) . Even though each of these methods produces good parameter estimates, there is no guarantee that using these estimates as starting values will nd the correct root. Hence, we adopted the methods of Thode, Finch, and Mendell (1988) who advocate using several starting values and then picking the resulting root which gives the largest local maxima.
When testing then the di erence in dimensionality between the null and full parameter spaces becomes unclear. In the case where we allow 
Analysis of Data on Two Scales
Applying model (2.1), we calculated estimates of the likelihood ratio test statistic L for testing (2.2). Since it is possible that the null distribution of L for n = 40 might di er from its limiting distribution, we simulated this null distribution for n = 40 and based the p-values of our tests upon these results. For our data on Y , b L = 18:02 with an estimated p-value of 0.012, while b L = 1:12 with an estimated p-value of 0.955 when analyzing the reciprocals of the data. We thus have con icting evidence as to the presence of a second underlying distribution.
A possible reason for the disparity is the following: A single normal distribution, when transformed to something more skew, will t much better under model (2.1) than under a single normal model. Conversely, two normal distributions mixed together, when transformed to something which squeezes them near each other, may be well approximated by a single normal model. This well-known analysis shows that scale is a very important aspect of detecting a normal subpopulation, and we should thus have a way of incorporating scale into the normal mixture model.
TRANSFORMING TO A NORMAL MIXTURE MODEL 3.1 The Box{Cox Transformation
In a one-distribution setting, perhaps the most popular way to remove skewness from data is through the modi ed power transformation of Box and Cox (1964) h(y; ) = y so that now the transformed data follow a normal mixture model. The idea for this model is attributed to Schork and Schork (1988) , who (along with Maclean et al., 1976) were the rst to realize the e ect of skewness on hypothesis tests such as (2.2). Note, that in this framework, the Box{Cox transformation will not get rid of all the skewness in the data, as skewness can be an inherent part of the normal mixture distribution. Instead, the power transformation in this setting is designed to nd a scale for the data which best suits the normal mixture model. , suggests that the lateral roots are almost always initiated by two (and only two) parent cells. There is little evidence of any major secondary underlying phenomena.
How Type I error rates are a ected by a mistransformation of data is an issue we address in the following section, where we also examine the power of the test.
DIAGNOSTICS 4.1 E ect of Mistransformation
In order to examine the e ect of analyzing data which is in the wrong scale, we conducted a simulation study to estimate the true level of what one would otherwise think is a 5% level Given data from this model for this true , we then transformed the data with a Box{Cox transformation with parameter 2 f?1:0; ?0:5; 0:0; 0:5; 1:0g. We then applied the normal mixture model (2.1) to the data, and performed the test of H 0 . We reject H 0 if our calculated value of L exceeds 12.34, our estimate of the 95th percentile of the null distribution of L for samples of size 40. We replicated this experiment 1000 times for each ( ; ) pair and estimated the level of the test. Our results are summarized in Table 4 .1.
The fact that these levels can get as high as 39% further emphasizes the need for an adjustment for skewness when applying the normal mixture model. The highest error rates occur when the data is such that its reciprocal is near normal, as is the case with our lateral root data. 
Power of the Likelihood Ratio Test
We indicated earlier concern about a lack of power of our test at n = 40, especially since with data such as ours, a secondary subpopulation would appear to exist only in small proportion, if at all. In order to further explore the issue of power, we conducted a simulation study to establish how large n would have to be in order for a second normal component to be detected, given a setting which is re ected by our data. For a given n, we generated samples from a random variable Y such that with the values of ( ; 1 ; 2 1 ; 2 ; 2 2 ; p) set to those values given by the MLE's for our data set. It should be noted that b p = :91 in our data, and so our samples were roughly 9:1 mixtures. We then apply the likelihood ratio methods of Section 3 and determine whether to reject H 0 : p = 0 for each sample. We replicated this experiment 1000 times for several values of n between 40 and 500 and estimated the power of the likelihood ratio test at the 5% level. Figure 4 .1 is a plot of our experimental results, smoothed using a exible logistic model.
Note that the power for this test is less than 10% for n = 40. Samples of size 350 or greater would be needed in order to attain 50% power, a currently impractical requirement considering that our data are expensive to obtain. The low power is clearly attributable to the uneven 9:1 mixing ratio (for b p = :5 and n = 40, the power is approximately 40%), a fact which one should consider when applying these methods in order to detect small subpopulations.
We also wished to evaluate the cost in power of using a Box{Cox transformation to adjust for skewness in the normal mixture model, so we conducted a simulation study similar to that above, except that we generated our samples from the normal mixture model without the power transformation (Section 2). We found the power curve to be nearly identical to that in Figure 4 .1, which suggests that there is little loss in power in this example due to the use of the Box{Cox transformation and estimation of the extra parameter .
DISCUSSION
The purpose of this paper was to present, via a case study, a motivation for adjusting for skewness prior to applying the normal mixture model. We reviewed the methodology for doing so, and presented our own simulation results, as well as some diagnostics that focus on situations which closely resemble that of our tomato lateral root data. We found that, after adjusting for extraneous skewness, there is little statistical evidence to support the presence of a second underlying physical phenomena behind tomato lateral root initiation. This may be due to a lack of power of the likelihood ratio test for small sample sizes. We demonstrated that nding two subpopulations for the untransformed data is likely a Type I error. Finally, we discovered that there is little drop in power when using the Box{Cox transformation.
It should be noted that although our ability to detect a second normal population is inhibited by the question of scale and the small sample size, the data suggest that such a subpopulation would account for a smaller percentage of the data. Thus, we can conclude from our limited data that lateral roots are initiated most often by two initial cells.
